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VVV"F" V) ahin orl oA M AMandord meorsne - Aeorshis

\’de-b(({t\_/ Spaces and Ronglom E (emenbs

Delini(ion (Ranglom Variables anol Elements): A vandom vayiable
(vandom veclor) on a wmeasuwable space (. F) s o F/B(R)
weasurable anclion X222 R (vespechively F/BCRX) - measuv-
oble funclior X:29M¥). A vandom ¢le ment between meesar-

ab(e spaces (,F) amd (U7 6) is a F/5-measurable fune L:on
X:naz.

6-Alsebras and Know(colse

Lemma (Faclorizabion): (ef (AF), (2.8 (3, H) bt measurable
spaces and (ef X2 and Y27y be vadlom <(e-
wenfs. Suppose (Y, ¥) is a Borel space). Then Y is o(X)-
measarab(e (i¢, g(Y)So (X)) if andl only (f Ehere etisfs a
5/)!" W\MS«ruHQ map 5'- 2’—7’@ such that Y=30X.

De ini bion (F(((-m‘u'on, Aa(arl(a(\ Predlic bable). (ef (s, F) be a "
weasurable space, then a Lilbrakion s & sequence (J‘f)f,o of
Sub-g-alschras of ¥ such that F,$Fp4q lor all T<n, (Hpte
“\o{‘ n@ iy allowed andl }w*G[V{_w:};].) A SCyuence of
vasdlom variad [es (5(‘)::1 s adlapled o a Lilbrabion (F< (}f);-a
if X is Fp-wencurable A scquence of vandlow varvab(es
(%¥eq s F-predickeble € % is Fpq-wmeasarahle. A
[i(teved probabi(ify space is o laple (<L F, VP, F), where
(2.5 ®) 5 o provability space amf s & fillration of 5




) Condifioma( Probab:(¢kres
Defini bion (Comdd: Lionel Probabi(i by): (2t (LT 1P) he o yrobebi(fy
space avol (¢f ABET such that P(8)?0. Then Ehe con-
é: Lional vobubeliby P(ABY s PAIB)= B(AaB)/R(B)
Theovem (Bayes Rule): (et (L.FP) be a probability space and
(et ABET such that P(A)20 awel [P(BY7C0. Thew

. POPA
W(A18) = O

A& \nolepenodence

Detinibion (ndependence): (ef (2. T P) be a propabiliy space.
A collecbion GEF iy pairwise wntleypenolent if for all A BEG,
A’*B, A ad B are l'vw(lw-h\o((uf. The <renfs ¢a 5_ oure
sasA ‘l bc wu ‘Kﬂ((l/ |"\0((_v-(ni(-{u(' [d'l' jlu‘ \'nd-(z""‘d""[') ;f
(or any (.‘m'l-{ set A.,. vy A €T 0 f Ais bine b even 'Ig,

RAa .. VAL ]T‘:; [P(,{‘)'

Two colleckions of cvenls, S, 26 F, are \‘mdqgnm(:n/ o
{or all A€G, and all BES,, ?{ ard B art inodepend ent.
Twe vandlopn varinb(es X and Y are tadependdent if a(X)
andd & (Y) are («o(e\amo(u £ The wolions of pairwise/
wa fua( {no(qomo(:(ncc up‘o(u( accaro(.hg.(y,

2.5 Wfesvalion and Exyecfalion

Proposi bion (\udepend ent Expeclabion): 1 X anod Y ave inolepenolert
Woondl either EONT EIVG<® o E[IRY]< thon EDYIEDELY)



2.6

Proposition (Tail Expeclafio): lef X be a nomnesabive
Tﬂ’\dﬂm vaya "lf TI\?n lED(J:So lP(y>k)d-?

Delinikion ((Complementary) (DF): The (romplen entbary)
camulafive ofisbribabion funelion of a vanofpun verrabfe
X is (k0 Pex)) Fu()=P(¥2<x). Aot thaf Fy
WMeY ecdSing, Vi ~conlinugus, anol (-'m,q-;—w Fe(€) =0 and
Gmyog Q=T The (OF caplures all aspecls of Fhe
disbribabion of X.

\’«opas-‘(\-'an ((_W Of The Uneoneivus S(«‘:‘ﬁ(‘{h’au—LUT(lS)i lcf

X=ﬂ92’ be a V'anl(dm \/av.'ab(e ano( (((‘ ['Px b: F/,
push- forward. [ef S: >R bYe weasurble, then

EL5( = [$02) dBel),
\ovdv.'/lo/ Lhot <fther siofe exisds,

_C.Mu' fiona ( Ex pec fa ‘t'an

De“'h\'“oa (Co-\a/.‘(.‘aw( E-kp(c(a ‘u'an)‘- ((( [ﬂ| ):. \P\ b( o pvo
bebi(iby space, (ef X:1>R be avandom variable, anof (¢f
AEF be a sub-v-alsebra. The comdliomal expeclabion of X
given )f is oenoled LY fEDﬂ)ﬂ au/ deé.'mo( fo be any
Y¥-measurable vandom vavimble on O such bhat for all
Hex, _S E[’(l){]o(ﬂ’:SHS(o{ﬂ’. Given @ random voriob (CVI
the rauﬂ(.‘aw( expee bulion of X given ¥ s E[X16(Y)].

W{av(m: T\\f (‘owﬂ' (ton.( ech(ahau a(\uqu cy.')(s ano/
for bwo $1:05% 52>, 34735, aluwst surtly.



Theovem (?Yoy(f‘«?a 0{ (wo(((:om( Ecpec lﬂ‘l'on)'- (f'( (-Qu':f. "’)
be a probabi(c fy space. G, S §2€F be sub-a-alscpras
aup( x'\/ ;.\ftsyqb(( v-ou\o‘gm \/ayv'nb[(ﬁ on (ﬂ,yl p) Then:

() I X206, thea [E[X1§]20 a.s
() E[1183=7 as.
G EXYI§$T=FEIXI§I«ELYIS) e.s

(w) EYIST= YEXIGT as. it EXY) exishs and Y

[P} S -measuvabl(e.

(v) 1€ 85Ss then EIXIG- E[E[X1ST18.] s

(D) 1f_a(X) 15 indepemdent of &, siven &y, then
E[XVo(§c0 §)1= EX1§.] as

(i) 1¢ §=34 A% then E[X\GI=EDX) as.

Definibion (Condikiona( \wleperolence) Two eveul sys boms
A awd 3B are |'M((pfua('(u£ ven o 6-alge bro Fis for
all A wund oll BE B, PCAnBIFY= LA F)P(BIF) as,

AP No kes

Deétﬁ‘-‘an (J[bso(utt(\/ (a-\éc'v«wus)i (,CG “’ana{ (9 5( meas uv ey
over (A ¥). Thew B & absolulcly corlinuous wivd. @ if {or
all A€3 QN0 = A0 We also say olypaina fes 1P
or weife IP<«<@

Theorem (Radon ~Aikoolym Derivalive): (et B end & be wetsures
over (4, F) ol suppose @ is o~(inife. Then fhe ofensify,
ov Roodgn-Aikodym o(-(/f“(-'u{, of Pwril & oewsted B/ &
exists (€ ond axly (f P<cg] The Y.ao(an"#(kao(\/ derivabive 3
the fanclion AR/AG Q>R suech Lhat

RA:=J g0 o wll Ae>

H‘ » Mn-’qw{ wp fo o a—““(( $¢{.




?mpos(ﬂ?ou (Change-0f-Meusure): Let Pand B be measaves
over (ﬂ():) Such “vz‘ o(l?/a(d? ex:sk. (Cf )a(( be o [P~ iufe-
Srab(e rauo(am variab(e, “‘ln S}(dﬂ’: SX "/nw 0{67

on\oos«"-’on (Radon~Aikodym Chain k«(l): let B8 S be weasurs
wibh P << Then

AP _diP d®
a7 3
DC((M‘:ah (S*ppo»'f)‘ (ef X be a éopdfogu'ca( space andl (ef
e b u measure over (X3 (X)), thew the suppovt of X is

Supp(®):= 3% X |p(U)>0 (or all weishborhoodds U of x3.

2.9 Satrmany 0 2.12.273

(1) Poood. ld T § % Lt o-alstlrar aned § wuel o Lt
/5~ awd G/ N ntoparalile, nuspectivele,. Covride, g0
heh AEX Mum §7(NEG adl $7(s" (VT Uen, ws
(505728708, g0 b F/AH- mtorsntl. .

(’).) W A (%) At 4 mepwable race anl LA
J(,,,,..(J(.\:{Laﬂl;(&%/hm voralle, Wdivw X5
X=y|"‘l n)- Smhlo(m MWMC‘,%&L
%x_ ot ;m wrrsly Ay A SR wihl A A, %=V 4, Bt

X-1(A) 2 0, %A
tok 05 Aoy 20l s XA EF, abr k7 (4) €Y. Wer, X i
’M'M.



KUY UL (A= US; € ¥
Hnce, T+ 2 o-<locltra vovr A

W) bt (AF) Ae ntoraratitl pace, LA ASLT, A
( Fy=3A0 B I€EF), et

(a) Bwp-u;-'{ MMM (4:7\4]48 a ACores, mlitc

pact. ,AEF vy LET aed An=A Mpw
AN CESY md BEF swchd Mak (=AnB. Then <bogr
A'BEF cul

AalaB)=(fad)(4aB)=A" (,
v ANCET |, Mortowr, 44 ((YEF), anl (B)ETY
WW C;:A(\B;"fpf“/d;. Bkt Moy 2bror
UB: ¥ aunl

AA(UB)= UM ABY=UC,

e,

O



(4) () Proof. Swrpose AEY. "€ Lo CEF) g Ym More
a BEF welh AL Yoo, 20 A,DEF b (€F
ol CEA o cleoy, \Homoe, (€3 EF, ,
V2% feA CELBIBEF, BEAT Ui C= Al vl Hews,
CEFlY. Uamefor, Fy=5B1D €Y, BE

(5) fed § €2° b momcimptey avd LAt o(§) b Me rmallort
o- anch Mot §E(§)

(2) Pooot Uk show Mt
w(§)= Ny %

44
i
L
s

E

Mot A b5 Me rmellerd. Clcrtley, LLEo(§) «

AEA for 2l WEX. kA A€a(S). Ui AEY

U AN e Moss A AENA forall HEX- Uenoe,

by A4 €s(S). M\ LA (A)€<(S). Then

A,fyzfn"vgﬁ)fé'Yavp(w&( MM—C

abrg VA, O Ao all ¥EX Yo, UA; €5 ($) and
(S v c-"cvfs—vﬂmz. M‘GM § ¥ AoraX

(b) e’”‘f bA (O F) de o rtormlle pppoe wnd Ld

9 St TG mieradile. Wowr LA A€G, M
XA A= UNXT(A)EY ap RT(AVET(G), Maww LA
A Ay - €G. Um XYL =ULT(A)EF 2
RUANETF foo 2amd A, Vef, w0 2oiry A €5 ()
wpngpleniots o lonasto oA G, we Aot
XA)VES for all A€ a(§) el Mo X <
j:/d'(g)"w.

O



T all <ans, N3 (DET ay AEF, 2o Ny 42 Avcleed
W ﬁW,M«BW*{

]
6) Tovo
(B Cord  heh (AT P) e o probublity spose acl A
BeET, \TCB)(>0. Consiole, @:F>W, @(N=P(A1B), wtere
F(A418)= PAARY/ P(R). UL 2o Hhat @ 4o o 7rotnti-
Lty mevrure gpoer (1, 7). Fort, M
(0= P(N%)= ¥ (g A B/ R(b) = /TP(B) = O,
Woreorr,
@(2) = T(2 A B) /P ()= P(BY/IP(R)= T,

Wow LA (4)TF with 4iah=G for it; Uon 2boo
Ui a Ba(4£08Y=g for () ad Ahws,

RV 4) = ((U4)3)/T(B) = P(V(4:1B))/1P(5)
= (ZPA:aB)/P(B) =Z @(4).

fant, 6 = L e y



(3) . lbeA (AR T L m v el Ao
pwj.e ex, Peh), (D)0 wmrrm/ F00) ot
B U= PCAn B/ PCA. oo,

®(A\B)P(B) = (A DI DA,
Veveolog Lothe aioley g B(B) wiclehy Buy, aate

P(A\S) :M%lf)w—m

[
(%) (&) MAMBM/M»LM%&‘Xﬁl’M
X b e, AsvprMinite,. A 2,
A=§1%x§1,2734567

B=§11234567 « §2.467
U howe T(A):6/6T=VE and W(B):=219/6% 1/2
WMprapotc

Ang-—SL'llkSLQ(Q(é'Z,

twd M WAsB): /12 = VG 1/ 1= RUAYP(D), YUkl
A, A B ane MMM

(V) heA A€ (8 wnl Bew (), W Logt Yl Aor cons,
ah CERTL LD G5,6%, £77(0): («§1,33.4 5,6, 4l
M/F‘f Xz. et . Mot e A' B‘£$1‘z' 3 ql5,53
ok Mah Az A9 €Y wl 82T, -, 634B. T,
®(A): 61/ 6= U1 /6 wd TP(BY:=\B|/6 vihorcocmr,

AB =A% B andd P(LaBY: VAVID/6% Two, e
im IP(AnB)= P(A) (D).



1012.273

(10 (&) Proof- hed (A5, 1) he a protatatify, =ace \h
On:g sl WUP)0, wt fave

W (F ~ 2)= ¥(9)= 0= P(F)P(n),

V) Proet. bih (25 F) bt a rotubility, mpase ak 44
( A €T ok Mok \'PM;LGS,@.'!}_ Sugpoe W(H=0.
A BEY. Y PUYR(BYOP(BY=. UL Afos meeot
Ao stawr MoAd P(AaBIZ0. o AaD A, e Aepe

® (A 2 D)< P(H= 0,
M%«afﬂﬂ w"'ﬂmw, [P(/‘fﬂm'-'a—ﬂw(,
WM BEY. WMMWMMMB)W
0wt ned Ao shouy Aok [P(faB) =1P(B). Tat,
2 AnaBED, e tfane T(A21DICP(B). Sappoe A
awk B ot digond ie, AnB Then

120 v R)s A P(B)= 1« IP(0)

P(R):=( = iP(@)=P(faD). Seorpore 4aD* g, Uum
e wrle A a

we com
A=A a®)u(4~B)
whirt BaWNo(AD) Y, wdk Menefore,
®(A) = B((ArDYU (418) = RAA B)+ P(4B)
= PUa D)< PA-PB). (b RMAI=T<om)

Vel trp g Aol wdotne, P(4) ol \P(P), -
e terite, el P(440)= W(g}, = -



(&) A (AF V) be 2 qwobalbilit, vl LA AE> Lo

Boot. Suppose [B(Aa (A= VD VLA). On phe
Lfr Aad 2o wt fmre

YA a2~ MN:=T(= 0,

2 VOT(AA=0, fov. Yws, «ther V(A O o
PAA):0 wol dae A P(SUA)=1- D), ot
Aot \P(4) €40, 13,

)
() Ve can <ponelude Mok A Ariviod
Brvod. ld ACY bt ailipimdonf of hody Thon
PeA) = (PLANZ, - BUAYEL0.13, -

€) bA A5G4 45 wd £ X209 543, Xifw)= oy
At Me tovm Ao (€41LY bef F=227 anl
P:¥ 9 R, \7(‘4)=!Al/a Lo ol xfer. U et Aaye

4 ®

GAY «{ALT 1A 5 AT
1634343 SAtIx§ ]

oy 2k A



(3) wh X 2§, A3 M M P ordom torcatts for
€5 L2Y, Comnioles A= TX52TF add B=5X= X3 Tho

A"‘{",'L;xi.ﬂlt?;f
B =1, (), (3973,
wwd P(A)=X3/9=6/5:22/3, P(B)= /3. Viorcoer

wcth A Bz 3010, (23, 4 Aawe B D)= XS0,
Wewnet, 2 PP V3 U335, £ ol B one
wmalepsslins

0

(8) Proof- hA (L%, W) bt an n- tloment wlometin ne
e space. Ut oo, FND=1A1/n whae
AE¥=2 U b A, DEF asckh Ao
n144 81 IAHBL Veom
P4 a8 S1Ada D) S nldab

= L4\ sl = PP,

og A arl D ani sndpinclnd, Bloit® A A BeF
amch oA [PAD: IP(A)P(R), oA 4,

A a Bz PU a 8) = L4 \8) = P(A) P(B).
Myore Ao aiker Ay v il ly Mo Ao
er% o Ay v yudt o



(W) Brood. kA (a7 TP)JMmu-W Y A
W/gwa 5, \l=n, 1?(4) 141/,
'14/‘41—( AG)— + S“’PW V\MM M
m& M—-M‘M n‘jzfzj/;l”m\?

Zurd

4mj::rw{ Unt 25, 0< Al 1B1<n. T,
\/ﬂ 1B1= nlfa B} <ol 4)1BI70, wtor |4 B|>0
bA K= 1AL, LD, awd m= AABY, ol ot soheid e
mwhonrad sventon. 'L(Q/foﬁ. KLznum, W
mEXAL<n, AA K= k/sca{(k,m) wd m/gcd(k‘m)
U & wd MWMM k»ﬂ—vxm Wou--
wstr, My mpliy Mk KIn wr Kh&. & Bek
w g, bornpe, A ol O Comef fo prlagirdat

Lo th 1o beval.

0
N Tovo
() Wo. bt A B Lt depirdnf oninds aml Ak (0. T
WA AD a ):=1P0)=0 = PAIT(R) P,

@D () W M X)) A «W&MWMM

(%) \’/wv{ M(nyw)hawt«t,w%(,u
Lt comtad as. Wn.-/{vﬂ--‘v&( /ffq-()/)|
W \T’M)f%OﬂMMWAMM
Weurt, tmdepinglont af trinsy tvind, 0



5

c()=1¢g a4 A 443,
s(Y)= %4 a4, D, a D3,

) wol D ET(Y), 71{/7'55_ a3 o
Ci%{z}.’““"f”mw 71{,?= ,g._,(qB":B'
B

Ay
k}
q

®f)= 1 - w(A P(3)= P (a)
®(3 A D)=PUa~4)aB) =1P(B \(4 a B))
= (BN - P4 a B) = P(%) - PCAHIP(P)
=(1 - MR (B) = P(2)R(B),
’*ﬂg—‘%( P e —"W U AA 2

s Awedogoen. A=a-4
s BB, e W \P(A) = 7- W(j})( 4

i
ii

P(3a8)= B((arA) n(aro)
> (AN (4 (D))
= P((B) (A (4o B)))
= - 17(®) - (PU) - P(Aa D))
= 1- (°(®) -~ PAY < 0 (4 7(B)
= (1- P41~ ®(BY) =T (f) P(B)



("0 MCA)‘H*&CV\MMM Xi=ly Ae mete-
wator

Aor o i Tn. o (A7) e pourwise/
'WMWW¢"4 "’”“;— X:) e

(12) PM,?{ A nrmm@WMW
V4*>€R&WM%MM

XY, hAd X X7, ¥4 YT &%WM%
of Kool V. Vho Qecxtzy-
X220 tinoe,

€00 < EXY - E*°T < E[y*]- Ly = EY]. -

(13) (o) ?'wo-r{ heA 5:RIN bt costonicrs, bef OSIR A o7t

O

(\o) Rwao'{ A X:(a.2)=>(, ﬁ(\l)) be 2 Al vArafdy
el «wm«(w 1) (R, M) S (1R, B¢ W), Ve HM on”

© ?W( bk (a5 P A w rerlelid. /é s el
X A(C 4 radon voremtite. M Seepporc Aot
\élu ok |] WX[E (X1 BDIXI<0 wwnt .
B <w, 4 W‘“W o’/‘a—"/{

(101D = [EC0*] « B[] < o

<o <w

o X 0 fgmtte.

1l



(1) F6-96— g 22
(1?)2,.,“,{ M(ﬂ):\?)»&a, MMy wpmce al g
=Koz X7

|al < ;05 0] < 5 0l = R

A JMM ///‘LM,‘ |4"C ’Fnul

L=E|Z:X| =2 E[X
[]\L =T E0x, .

(‘16) Proot. MX'&(MWWW el
AN €M Gupyone J(-an W E[eX1=c [E[¥]

i risind. Saoppont X o mornigotore, Von.
®lc = J X otlP
=supq S cholP [k wuple el O2hex?
= sup {c JoholP |7
= ¢ sup§S NP |1
= ¢ [E[X].

Tt \EL? (R lE[ck- = ¢(E(¥*]-[ECT) =< [EIX].
]



(19 PM,{MM X-= 4(,,42:; leg amm
B e WW" e Aoot
EX V] = {MyfgolP= [, oP
= (4 n B) = P(AHR(D) = IE[X]ELN].
M*MXZ.&’TL{ ed Y= lﬁ’ﬂg At dim e

W»(-r WA.AA ?./(p.— 1 F5 A

mﬁ‘ievfw . M\t::ew Mok <l A,
EX VT = § (5 0y ) (Z; (35 M) ol P
= SZ-’s & (35 My 0; ol
= 5 aip; P Ai 0 B;)
=S5 (% PUA) P(B)
= (Z: ;PN (2 6, P(B:))
= &[¥1 By

We Ml e Mg howr MhaA all Ap B, tne drmohe-
WMAMB,&W«/L

X ool ,W. Vhotn A‘éer(y) ol B E0(Y)
ow» 1[£d }) “Wi B,\ y-.'(ip;a}) ; X ““‘7( \/
oL

MW# o 85 -one.
TODOO



£ G CF ettt alpilmrn ol Flid X bt a
T T 9T FT
“: * 1é|£v E * g 5, ‘ =: ( ;: .
be * (4] 04
5;751—,#9-’—5:51—*9
W@M&r&&z__ﬁg—sﬂ_ﬁ_}h—“
:64 t :64
1 1 1 91°J2

T80 aee g 21



(15) Commsler A= §-11 Q.ﬂ'l w.,(_ Pz U/ Ao AEXF
AA Xy asn w) o 2ol Vles)omco
Yo EXI=E[V]=p LA Eb(V]

GO 4A 20 4e o nonnegatoit Konlom vorialle. Tho

‘E[Y] < Sra ») l?(x 7;(') ,2(‘0(,()

X(e) = ia,;vrvn kwy () ALoX)

$ oo e 2602 S A= AU, KNG
Yo, yinmy, Mo inty E[X], wne 5ot
€M)= § KotP=§ ( Sm e (w)](m(.m) PCol o)
g ~%w) (S.ﬂ- 1, ["0' k(w}? (’Q) (P[O{ Cd]) /1(0()\)
= Stnmy (S Mieo ) 0) 743 (o) [PCules)) 2Gk)
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(i)

Mot o en €0 tud o Mmlorrait
MEU”Q]‘GWA Bt Moo,

LE[X\S]d\P 3 SA“”P: e <0

e
S, EXIGTan= xaw = 0.4

o, [E(X16]20 a,

A GEG. (Leartiy, 10 G- Mtarmatite. Wi An,
JyEC116341P= § 1a®

Loy defoittion twd b, heortls § 1(P=5 1A
Uence, Loy Heegrem A1, E[114]= 75qs S

A 66§, Mo
ffEC**YlQMP §, (ko) ap
j xouhS Y ol P
S Echgumg EYIg] ol
S (\Eﬂlm*w\gmw
whirt () 4o Moy definiMim wd (D & ot Ao

Mn/tg oce, Ly Fegpem A T1, w0t foge
E[X<yl = [BEFIST+ELVI ST as. w0 Loth EH2YIG]
vk EXIGTHEIVIG) me §- reomrntite.
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(;v) A Y bt (g missorntte o toppomt EXY] gt
Uk YVEXIG] 40 2l §-tcorenntte. kfh G EG.

Tobo
() et (3‘_19(3',7__ Comiler E(X1§4] ant E[EXISTIG]

SELHQ]M SXdW e
J"Dz[wlez] o - j’ E(1g.] o = S X ol

f;fbezaeg bt X o> St Ar G, €6, Mo,
Ceorene 94.11, E{EKIS2I1547= EXI 4] as.

() bt §=30 A5 Uk Aave
Jy 4= 0 - 5y X
J, B = EK]= 5, Rt
wd. Mo [E[X1G]=E[X] ag

(V1) Suppore 0(X) b Smelipinola o Go Gimin Gy L,
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