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Topalosical Spaces
12 T

cal 5

Definibion (Topolosy): A fopolosy on a scé X i « col-
(ec Eion Trof subsebs of X such that:

G) # ey and XET,
§i) For all finife AE€T, nAMA €.

A s<t X (or which & {opalosy T is olefined, o,
moare f-laprlc:'sety the fup(f [A’. 3"). s eal(eof

] fam{gg.'ca( spa ¢e.

Delimibion (Open Scb): Le€ (X F) be a lopolosical space.
A seb UEX s gpen € UET.

Dcfini bion (Diserebe/ Trivial Topolosy): (€€ X be & s¢f. The
£0\’0‘05q3- 0€ ad Mbsct‘s o€ X o calleo the ﬁ{sercgc

o a 10, X3 (s called  fhe Leivial (oprlosy.

Definikion (?c«tr/ﬂaarscr/(};mvuu\a(c): leb X be a sk
and (¢ T. T b twe {orv(asiq aver X I T2T, we
say Chab T iy finer bthan T. € IO, we say T s
sbeictly Ciner than J. We a(so say bhat T is (sfricbly)
(gars ¢r HMI-\ 3—‘. WC sa

T and 3" v ro b
o A L AR 2 L mpazafle
(B) .Bus.'s for o Topolesy
D{fu’m“.‘dv\ CBa1|'$)= L-({ X be o $l(, “Ifn a co{(« ‘Nu 3 Of
sabscls of X (calleol lpasis elements ) is o basiy (£
(l) For «l{ XFX‘ there s at .(l«:{ one BEP Such
thaé x€1.

(i) If x€B,AB for some By, BEB, Ehere
@ B-,f} such Ehat 3—;9 Ban-;.

1}

We define a ﬁgﬂ(aw generated b as Llows: for
ol USK we hapvt UET i for all €U Ehere 5 o
BEB such thaf x€B and USB, |n porbicalar, T2 3,

lemma: (el X b o scb, (¢ B be &
be the s¢ner abed fa]"(asy. Thea

3— = ZUBele I 3‘5 -B-S,

e, 3 (s the collecbion of all uniors of €lemenls ia B.

basis unol (et T
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(tmma (Basis from Topolosy): leb (X7) be = bopo losical
space ond (€ € be a collec bion of open 3<ls sach
Ehat €or tach open seb US K and each XEU, Ehere
s a (€€ Such Chat %x€C and CSY. Then € s o
bﬂs:‘s 0{ 7. '

Lemma (Fiaer by Bah'sz’! (e€ X be asa sef and (et B and

' N be ‘)Mt's for polosies T and I, r!;r«‘.‘vt(y.
Thea T iy finer fhan T (¢ and only € Eo‘r Cach
XEX and ¢ach BED wibh X6B Chere s a B ER' such
that x€B'E B.

Defini Lion/ € mmea (rara[p,.'fs o M) (€€ B Ve fhe col-
 lecbion of all open inbtrvals in the real (ine, (a.b)
_ﬂlq_ fhe fvy:(qy GPn erafed bY B s fke s fanelarof
| Qig_gu on R \f B is bhe collechion of wll half-open

iaterva(s [ b), thea fhe bopelosy generabed by B' o5
 called €Che (guer (imit bopolosy on B, deasbed by Ry,
Let K=§VnlnéRg3. DE B is the collechion of all
oyen iabervals (a k) alony wibh all seby o€ Fhe
Eorm (ab)NK, then the {opolosy gomerabeof by B" i3

called the K-bopolosy on IR, densfed by Ry

The Gow(ls.‘l’s Re and lPk ave sfric Hy fu‘u.— fhan IR,
Vot ave wol comporab(c (o cach ofher

Def i £t (Subbasis): (¢t X be o scb fhen a collecbion G
f of subsel> 0f X i & subbesis ift _

(i} For all .RFX, there is ab (east one SE€5 such
“\nf’ x€_$. o

We deline the ftopolosy gencrabed by § as {he col-
(tcbion o ot ol wnions of f(inile inferseclions of

 cltments of 3,
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B)  Oref. LA X de o acf oud LA |
% UEX I XN U b counfalble o

G) b FX L4 Fen
Vb K= ael T gahe, XET

X UA’GULA = ﬂ,““(x*r‘). _

X3

Wi 20 Ma pnforiobopm of onlsy cosrtuite w6
(or X), oo Mt reondh 4o cowuntaste (or X),
- Un, UgeyA€7. |
@) LA Aqomi Ao €Te. Vhtn
o |

X (Ara=ade) > K A)u - u(X~4,),

Uibr 4r 0 finite tmion of <ovntallc ach (or
X), k2w Ma remilh i covntalle (e X).
Thvs T, Arn - nAc €3,

homee, X & o Sopolosy o X
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The Ocder Tope losy

De(:m‘:on (0ekeo royo{ny) leb X be a timp ly ovdlered ccf wifh
wbleash b

wmore fhan one element. [ff B be fhe ra(-
(ecfiom of all sefs of fhe followirg fypes: _

(i) &l apen itrbervals (ob) in X:

() =« u‘uf(rva(s [24,b) where ag€X s fhe luﬂnuunn.
o X (GF any)

(iii) all isbervals (=, lv,] wlurc Bo€X is bhe wmasimuin
ol X (i any)

Thea B ts fhe beris for the order fepelosy o X
The Pdict Topolasy

5De(m- ion  (Peogduct Topology): (el X and ¥ be frpalogical tpeces.

The ML&M XY s fthe lopelosy gfnm(af by
B3 UXVEXXY | U and V opend,

Theorem (Product Bosis): (¢€ X and Y be bepological spaces vith

beses B and €, respechively, Then
:§Bx«Cc | BexB, Ce€3
is o bosis for (he "ﬂfqy on A=Y,

:ptfﬂu‘t'n (PMJ«‘M-) Lf! e X*Y"* and Wyt X‘Y"’Y be a’c-

F'"d by Hu G- Cqua ‘mu
"ri(x. Y) X ..'\d ﬂ"{x' Y) 1 Y“
The mops W, and v, arc called prgicebions,

T'worem (?nlucf Su)bnu)‘ tcf X m\d Y be ‘!p{o,f:of speaces.

Thea the colleefion
Qg = {«;1(8)_{“ £ X open 3 v 2*: (V), V‘YOpms
s = nbhus f" Ehe frlfuf‘ .forlfosy #n X*Y,

Sy~
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The Subspace lopolosy

Pelinition (Subspace Topslmsy) Lef CuT) be o bopological
space end (el YEX. Then  fhe colloe bion

Yy:iYaul uers

is the sabspoce fopolosy. Wibh (his lopolosy, Y is called a
subspece of X

(emma (Suhpacc Basis): (et B be a boscs for (he fope (esy on
X and (b YEX. Thea

Jp=gpmy B 4§ VYaB|BEBS

is & besis for Fhe sabspace fcpdo;y on V.

l(nma (apn SC‘: in Sahrafc)-' (e( Y be a s«hpare 0( X,
I U is open in ¥ and ¥ i apen in X, bhea U s open i X,

Theeesm—{Subepaced Pusluct Toppboyies)—feb—A—smdB—be—tuch-

Thesrem (Jatbcpne & Order Topelesies): leb X X be an ovoleced
scé in bhe ovdec lopolosy. Leb YEX be convex. Thea fhe
ordec faplp,y on Y is bhe same as fhe fopalosy Y inherits as
a subspace o

Tkuun (S-anou l PnJac‘ r'plfljiﬂ)f L‘f X and Y IN (‘p#‘
{0 teal spoces and (ef K ACK and BEY be Subspaces, Then
the prodact fopelesy on AXB s bhe same as bhe fopelosy
AXB Caherifs ay a hhpafC '{ Xy,

|

Exareces
2-”1&4)(.&.«. . opmee, LA YEX L
M*{F-XM( [ ASY. M.L,.-.j;au(?)"'
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Vim 1) €2 U, - 8 XERWS., “2" ko % ERIFS.
U k<O, EE & clonr an U 0> Ve 2«
Su,’z-v.‘ x20, uﬁu.’“‘"“""ﬂ-hé.a# --J«ﬂ
k( 4/(&-1‘1)‘ﬂ)| ”M" kz?/(n-t“!) T
wor x=Va llnoe, xEE. Uz ton Afwo <on®
brued B Arrm thom borin thimints 2o

A in vpon, o

o

S

»
p\



e 06€.0#23

(U « V)" "'1(‘/«. Ba.”f.z) 2 Uy m(Bax ()= Uy Ba

whiih 42w vmion ovr Lwrds thominds of K, vy wi(UAY) 4
«M,/‘rf. _TA.,, W;&mwwfﬁc u--h%).‘

o : ' . L} h '.- :
3)  F6HE— p 18
(6)  Proed. Comerln R suler the AHandond Aoyeloyey wwl dofex
| €= {(av)e(cd)la<b, ¢ <d abcd€éRS.
kA USSR At ppin omgl LA 10y €U, Ve Hhme wme
&6, EAER ok Mhah x¢y€(a D)X, TI)EU o0 He
%’MM&M.%&%M& m.'“q-(_
ere o a b ¢, dEQ Ak Mok |
F<a<x<b<h e
F<cc<y <d<d,
Uewr, x€(a,b)xlec,o)c(@ B)x(z, d)¢ u{ g €A a Lwmsss

{W%Mw-ﬂwm o

&) | W Covnicley K= @ cnt the ok
Acdrek| <2 203

(Leorte £ 30 womiey (Leh 006h, Mm for all 2 €(a, ),
| intly GFX0 ad kP <D g x €£), Lok A -...:4

13/6 2



*<



Toe

®

kt

‘ﬂ«vﬂMJg.h#M

Y eyt |
B 55 ad k(b)) adcer, b<cc3 @)
MM:{&WW#MM

¢..,¢ ..4.....6.:.‘.( o B

J‘()? T(Bu), "€ U by Mk J'O?a;) m#-—s
AA x4 p€IRAR ok Lt BEB sl

kky€B. TUnd 2, Mont ot 0i%ny, brth, R ~IR,
ﬂa."ﬂ;‘bq"bt‘ MM H‘M
B=(o1tay, h'bi) J’( “1’»1. Mot ﬁs"bt anrpl

B = %a‘! *(“l ‘)
BEBy, ~o T(B)2TEH)(N). “2" Ul shom
T())ﬁ,ﬁ-v A TC».{) M x*yHR*IF- 4

fyf)ll) ‘DW‘ MaA Z*YGB‘ Yot Afrc
Sy b €IR, b, d’;. ot Mok By: g‘q!*’(a,_ b)
Bt Mo

5.('- % m% X(aq, ) *(ag* ay, aq* ba),

o laorty S B. oo, ;ém-'—y-(-ﬂ (P -
-'F'I-"M J'()g)-ﬁ'r Ej

,f

!

i

T sanslord Avpolony on R' 4 stoslly voerr Hoam He

3'(3-()’ B IR M &y EREIR tug ofwore BED ok
Aot x*y €. W -, Aorrt “1:“: be b €1R Aot
Mot xxy€(ay, b1)X(ay br). Bof Mo

{ J£3 ‘(b‘n bz)’ £ B

07.072. 23



S
™~ O



e | 0 72.0%23

- VAo rretrt—Asrotossson L A A
. ¢ 2. ¥ te ¥1 . ¥
O L e a i S

Q9 U wne Mo Aollowine rrladbiin:
Ty e e orden Moployy o L i Lards
B, 3(a¥)] a b el 3o i0b)beT}
| vi{@a)iacr}
Tp Aow M cwedisot Aopelogy on 121 with Las
- Pz § 8, %0, | B, By € B,3
3y e e Aieleorory orver om 1 wilh barss
Bz $(ay* g bax b)| agta b f by €T 413

J e PP RXR gl Me
R ‘{"”:. i WW‘%

yR= S.(I‘I)"(“i“h. L«‘bt)' a,*«;.h*h"l!*ﬂ}
Ty b oMy o M Ty
= Jp aml Tp ene wh cempendte |

11/673



V')ﬁ«ﬂﬂJ'EJ'«n( U 2U gl tpn- o
BITAUITEY, UEKY  cmsd
=1 U Ted, Wen?

o{"‘cwwx*‘/ﬁ-{. X5y o=
 puntegthy. Uk Aew Hakt T(3')25(5) ik
Y 220 RN Mf{lf‘c MX"V MM

BEB ameh Mot xtyeB. b 3’3*'-{ %' 2%,
B2B, ar BEI. lWwec, T(3') 5 A

M—Wﬂ’—wﬂ—\v‘GHf—ri'v—-uc dfom—ﬂ‘l."‘w'

(b) Pwef. At (KD, (x.r) (v @), (M)&W

' xl th"" -
Mw&vw ¥, €€ &.?..,, >
Wyttt Uin e

}——-—i—u—r—nq—u-H'—»q-te-}a—-.e-

. Loy Aor Mk proglont s & KXy
ad K%Y, rargeetevily, Somron F(B)2o(3),
e showy Maf T'27 ol WU 2U, jleAh REX el
€Y. Uvore BEB ok Mak XED oudl chopse
v€C HWom x<yEBXCED. b IO
Mare 45 wm B *’(‘ €y Mﬁm‘—



Top

13

-

0 7.0 7.%3%

Closed S¢by anol Linack Poiats

DefiniLion (Closed $<€) (e€ X be a Copatosical space. £ se€ ASK
is closed f X A is open. _

Theorem (“Closed” Tope(osy) (el X be a (opelogical space. Thea:
¢ ad X sre closed;
o arbibracy infersechions of closed sels ace elosed;
e Linibe wuntens 0€ closed sebs arc closed.

Theorem (Closeod Sely ia Subspaces): (el Y be a sabspace o€ X. A
sef A5 ASY iy closed ia ¥ if and oaly i (here is
closed sef BEX such (haf A:Yn B.

Tlthr!n (Closed Sels in sqkpaug): (<€ Y be a sabspace O_(X. i€
A S: closed i~ X and ¥V s closed i~ X, bhen A s closess

Delenifion (Closure and |nfertor): (e X be 2 {opolostcn { space
and (¢€ AKX Then the glosure (A of A s (he inbersechion
of all closed sels conbarning A and bh¢ iafertog intd of
A is bhe union of al open 3¢bs confained in A I A is
open, IntAA and i A s closed, (A4

Theorem (Closare in Subspaces): (el ¥ be w subspuce of X amand
(el ASY and (et 4 be bhe elpsarc of A ia X Then the
closuee of A i ¥ is Yad.

Thesrem (Closwre via Basis): (¢€ X be a ‘!wt&;felc space anof
(eé ASK. Thea: _

() €A if and 0nly if tvery spen sel U with x€x€Y
intersecls A4, e, UnA2D:

(l'i) (et B be a dasts for lhe &pob;y on X, “Qf_q €A
if and only i€ every basts clement BER with x€B
infersects A

D(‘u.‘lpq C‘&vu{ Pamo Le( X 5'( (orv(q;t’taf Space andd ((f
ASJ( A P’u\‘ x& is & !fﬂc‘ e.el:“ 0{4 (( Cwery n‘lg-ko
welshbor haod of X, i.¢, every open sil conbeiniag X, infersechs
A uf some ya;af olies than x, Thaf 35, X s m (t'lm
ra.:{f' ).[ b€ x€cl(A~523), (ks w‘ rtq«n-u( bhaf
x €




Theorem (Closure and Cimil Poinks) (cb A be a subsel of a fopo-
(&ice( space X, (el £4'be bhe sef of alt (mit poinks of
A Then 1_’4(1_/"- _ .

Cove ((ar v A s«bscf of & {cw(ojc‘cqf e,méc is closed tf and ouly
1€ i€ conbarng all fs (imif painés, _

'Dcfim"ua (Hausdoe (€ Sracc)-' A ‘Opofo,c'u( space A s called
a Hausde £ space f for all oliskinet Xq, 4, €X, fhere exist
neyhborhoods Uy and b Uy, respeclively, thal ave diyjoint

Theorem: (e X be a Hausdo b space. Thea every (nite ASX
5 closed.

T'\“uﬁ’ ttl X be a "rl_f';lev( fpace _s:‘fify:‘a’ Huc T-( KR (O,
Led AKX, Thea X€X v & (tmif poinf of £ if and oaly if

tnaj weishbor kool of x conlaias infinibely many poials
of A |

Theorem: I X is o Hausdlor (€ space, bhen o sequence (#a)SX con-
verges (o af most one Pﬂ'ﬁ‘_l’a

Definibion (Concersence)’ [eb X be a bopolosical space anol (cf
(xa)QX bt a sequence. Then (%) converses o some 2 €X,
Say XD X, ;{ e &{{ wetshborhoods U of x there s an
NER, such thal 2.€U fo, all w24,

Theorem:! Every simply ordeced sek s a Bawsdoo (¢ space ia blac
order ‘or;(agv. The pu{uc( of fuwe W ausolov €¢ spaces s

a Howdoréf space, A sabspace of a Hamsoloréf space s &
lfausalar € space.

brnretaig:

ations of w Aoyology one- Ly - one,
(i) (learty G XET a0 X=X awd X Xzg7
() het LULLET Vhan | -
XN VU AKX U)ee
o XNU €€ Ly deforitepn. Vum, VUL ET.
) Ak t(,,..:.‘ Ue €77 Thom |
| X*%ﬁ?’mﬂ“"):muq)u--u(x~u.)ee

.*) X*ll;fé&,-(aﬁ'-%& Clowws, Usn = nUg € r_)

e
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ot gpon am XAY, Aop Howener,
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o5 AxB 4 closeel im KXY
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18 Cﬁaéiugous Fg:c@-'?ns

Pefimibion ((onbinuiby): let X and Y be fopolosical spaces. A
funcbion §:XDY s said o be gonlinuows f (o- every
open WEY VEy the premase 5W(V) is else open.
(J/o‘t ‘l\a‘ €Y o Slven by o basts B, if saflices {o
Slww 6‘\-‘ él!( p_r!n'hu,{ 0( a_fb"ffary bagrs .g(-fnen(:
;s aftg- The same holds f Y & U7 en Ly “ tub-

ﬂ&t”

Theoerm (Equ.'vcfln-‘_ Ao btons 0 (‘Oﬂ“nur'éy}’ Ll‘ X andl Y be
fopolosical spaces and (el §:XV. Chea the (ollowiny
ard qw‘vv (en ¢

(i) S confinugus’
(ii') 60( Cvery 45& wé l\le¢ 5’(1) € 374-5.; )
-~ (;.‘i) fc, tvery c(on'a( st; 6"‘ s« é 5-1(3) s closeol;

(u'v‘ bor tvery x €X anof every u(l,hblrk?’d V of
5’("'). there s a weishborhooed U of x such tha b
S(u)sv.

Df‘t'm"“a (Hfh(ﬂlﬁlrr"ﬂh)‘ LC‘ X gnof Y be (OP‘OJI'GOAC
spaces and (b §:XDY be a biechion If beth § and
s inverse §TT YO K ave coabinagus, § i3 calleof a

kvmum”gh{;g Equivaleatly, a ¥ijeebion f:XaY iy a
Iwu.-cdno-ry‘h‘sn i( Uk 1 open l({ 5(“] is open.

D!‘-’*i“ih (ropofo;.‘u( Pﬂylf‘f)= 4!\7 propl"v an X “'ﬂ‘ Vs en-
bively exprossed 4 fevm of the fepolosy, e, in ferwy
of eyen ccls, is called o fopplosical yrevecty, F ¥ is
bopo (0sical cpace  homeomorphic ¢ K, € has fhe same

o Yrgp-f-'fr.

Definifion (Embedoling): (et X o Y be {pyo(o;.‘r-(_c,»u anol
(¢ 5: Xy be injecbive, bef—2v5CF  [c€ 2:5() be fhe
Tme 5 0(:\'&«((.- S5, comgidereod as a subspace of ¥ Then
fhe vesleicbion §':X22 & of § is bijechive. 1€ §' s &
‘l’l'"dmprrkﬂw 0f X with 2, the map $:X2V7 (s coalleo/

an ¢hh(£¢'o’ﬂ3 o Xin Y.

3362



Theorem (Consbruclion of Conl. Funclions)y (e X, Y, ank T be< fo-
pological spaces. Thea: .

(2) corstank; if S XY mnys' all of X o o single
Pﬁ"“ yo €Y. Ehen 5 05 combinuous;

() inelusion; if ASX i @ !u[’splcq the tmelusion ap
J: AKX, j(e)ce, is conbinuous;

() composites; if $:X2Y and Y52 arc conbinuous,
then 905:X>2 is conbinuous;

(J) ."Gfri'c‘:'n,' bhe l‘m-ou'q,' i 5_’-)(""'( is conbinusus anof
ACK s a subspace, thin Sl iA0Y s confbinmons

(¢) vesteicking the range; (f S XDY i3 conbinmous andl
Bev 5 « subspace wifh £(x)<B, then §: X B ob-
Eain eof : by resfrie bing  Fhe ranse of § is Cag‘c‘nuous,'

(5) cxpanding Ehe vanse, if BEY iy a subspacc anol |
5:X90D is conbinagus, thea g1 XY oblaincd by
LR yuu‘-'n, Hl! rasnye df § s cqn&'untus;

(9) (ocal formulabion of conlinuiby; fhe map §: XY 15
) fﬂa‘ihﬂﬂf ‘.“ X Can bf V*r'ff!u ay ‘lt “nion pf
open s¢ly Uy duch f(hat .'“u"- UgD Y o5 conbinuous
for all o, . .

Theor cm f?as‘;‘n, L¢hm)= let X be & &po(o;.‘u( space anof
(et ABCX be cloced such Chaf Xz AuB. Lef _;fl-»Y..,(
§:B2Y be comlinngus (where Y is & (ops(esical space).
€ 5(x)=5(x) f(or all %€E4nD, thea h: XY ofefoneodl ws

| $(£) it x¢€ 44,
».m-{ ore
 Lalxy it «x €8,

| Y c.on‘:mto“j_ (Tln').n"' ‘Il‘f’ i€ A and B are be £k Orfn.)
iTlnicn (Maps inls Prodlucts): (€ 5:42XxY be given by

5(‘)’( &)\ ."z(ﬂ)). Then 5 'y roa‘hmou) t'( ansl 0:(7 vf
:Pdﬂ\ $1: 49X and ft‘-f/f_"?v are Conkivaous The maps

_51 and S, ore called coordinale Cuncbions o of §.

o W

v
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Aowt 5(X)E B(5(x) . €x). BuA M
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The e #

DeCini Gion (Dot Topalosy): (€€ $Xa8 63 be an imdemd indlexed fupn-
iy of Copelosical spaces. We call bhe (opolosy smikhbaris
all scbs of €he form TyeaUa where Uy is open in Xo (or
Ehe produc € space TagypXa Fhe  box o5y |

'5 enerotfed )Y

Definibion (Product Topo(osy): (et §X.3 €5 be an indered family
0€ ('w(lsr'caf spaui)ﬁuf a(e&'.gd'

Sy ¢ $ v (Up) | UpE Xy open 3,

Ehe
where ﬂ"p‘ ]TJ.(; x.l"’" n © = Prca‘c.cfs’oa mapp-‘n, on (3 et
LC ¢ 5 2&0 fe

€ = era 3o

the UNC IR o‘-' all col(echiong sp, The flp'(',y 30;0?4((0‘ by _
fhe suabbasis € 8 s fhe pr { ondd we consider
(€ as bhe standerd Gopolosy on Ty ey Xy

Theovem (Comparison of Box and Producl Topolesy):

 The box lopolosy on T X hes as besis elemenbs wll scks
°€ Che form Trud. where udcx.; 's open.

‘ rhl prolucf fopcfﬂ on 'ITXa. hoy a9 b-n‘s C{hula‘! all
sefs of the form Uy, where UpSXe ts opea  onof
M.;:X.; flr all bnf ﬁm‘ft fy many <'s. _

Theorem: Leb L Xu3 65 be an indexed family of Cope(osical spaces,
cach Given by o basts Ba, The collecbion of all s<fs o€
bhe form TBa, Bu€XBy, is & basts (oo fhe box fopo(osy. The
collecbion o€ sebr all sefs o bhe form TIBa, By ¢ By, wilh
Bu=Xo for oll bal finibcly mauny &', is & basts (o fhe
pnlucf' fdw(asy. _

Theorem: (b As6Xs, a €, be a subspace. Thia Ths is
sabspace of MXu if both producls arc sivea ia ebher bhe
bex or Che product fops (osy.

Theorem: I tach Xo is Hoasdor €, bhen TXa vs Hawsolor €6 in

both box and prodact fopo losy.
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22 The Quotient Topelosy

Cas
' . - ¥

shap s "M—w-—!—-v-d-ﬁr-"
Defimi€ion (Safurafed Scf): (e€ X and ¥ be bopelosical spaces

anol  (¢f H\’("Y :'E a suryeelion. A subsef C£X1 is
o fuve be 6 ¢ {y})SC €0f all Yev with p_ma-ﬂf’
p"'ZiY})ﬁC*ﬁ' That &3, C conbainy crery s<f p~'(iy3)
““6 ff n‘-ﬁ-sufs. r‘\"_*‘ "3, C s Suﬁurﬁf*ﬁ( l'f_ GL‘PC

exvfs a DEY with (=" (D),

Definibion (Quobient .ﬂ'p).-' ({{ X and ¥ be fope (o5ical spuces
ond (cé€ piX2Y be u surjeckion, Then (he map o Vs oo

gw‘!icuf mﬂ‘{ it any of bhe fellowing equivalent oef~
inibions hold: _ _

ca sl USY §s spen 1f and galy if p(4) 05 open ia X

’

-_a SC‘ ng ) C(“_CJ. l'( lq/ 'Q(Y "( r"“(C) '§ ‘{“‘l;

i conbinarus amd wmaps sabucabed open sefs USK
ko pem open scbs p(A)EY;

" conbinurny and :uu-r'i suburabed o(o3ed secbs &o
c(osed gebs.

DefimiCion (Open /Closed ﬂqp)’ A wop §5:X2Y ) gpen if b
tach opea UEK the Cimase 5(UY) s apen. (€0 called
closed f for each closed CEX, 5(C)is closed,

Propgs;f-‘u-' A sevjeckive com conbinmsus wmap p:X2Y fhef
i open or closed, O a quobienl wap,

Delinibion (Ruobient Topolosy) (€ X e o fope (psreal space and
_ ((f A be n agf. Leé p-‘K"A be a surjeclion. Thea bhere o
cxuctly one  topelosy T over A velabive b0 which p iy o

quobicalt wmap; if is called f(he guobicnt Lggolosy induced by p,
(6 conbaing cxmebly €hose subscfy USA such Ciroé p"(“) s
open ia X, |

Definifion (Quobkient Speee): (et X Ve a bopelosical space and

_ (€€ X* be a packifon of X et _r?f"n\" be the surseclive
wap uch “«r[w a(( %€X, x€p(x) i€, It corries coe cmch
2lement ﬂf X to fhe ¢lement v € X“' cl»(eu'ac‘ag b In the
quobitat fopolosy (ndaced by p aver X4, X* 0 colleod 4dea
au‘é,’(ﬂf s;ucg 0( x. sﬁld dt'{flrfa((y, [ ’({ st4 s &
(‘0(({"6(0: 2f equivmitace classes and r"'{UJ s julf “wc'r
un:"li\ sach Hmf U ptn N4 “|¢ unign ¢f all Cquivnltace
closses (9 ppen n X _
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Thesrem (Sabspoace and Buobienl Map): Lek piX2Y be “ quebient
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